Abstract. Let n ≥ 2 and Φn,t,π : Mn(C) → Mn(C) be a linear map defined by Φn,t,π(A) = (n − t)
that W = W Φ = (I n ⊗ Φ)P + . Recall that a maximally entangled state is a pure state P + = |ψ + ψ + | with |ψ + = 1 √ n (|11 + |22 + · · · |nn ), where n = dim H and {|i } n i=1 is an orthonormal basis of H. Thus, up to a multiple by positive scalar, W Φ can be written as the matrix W Φ = (Φ(E ij )) n×n , where E ij = |i j|. For a positive linear map Φ : B(H) → B(K), we always denote W Φ the Choi-Jamio lkowski matrix of Φ with respect to a given basis of H, that is W Φ = (Φ(E ij )) n×n , and we say that W Φ is the EW induced by the NCP positive map Φ. Conversely, for an EW W , we denote by Φ W the associated NCP positive map so that
Recall that an EW W is called decomposable if W = Q 1 +Q Γ 2 for some operators Q 1 , Q 2 ≥ 0, where Q Γ 2 stands for any one of Q 2 , the partial transpose of Q 2 with respect to the subsystems H and K, respectively. Otherwise, W is called indecomposable. Similarly, a positive map ∆ is said to be decomposable if it is the sum of a completely positive map ∆ 1 and the composition of a completely positive map ∆ 2 and the transpose T, i.e., ∆ = ∆ 1 + ∆ 2 • T.
It is clear that W Φ is decomposable if and only if Φ is decomposable. Note that decomposable
EWs cannot detect PPT (positive partial transpose) entangled states and, therefore, such EWs are useless in search of bound entangled state. Unfortunately, there is no general method to construct indecomposable EWs and only very few examples of indecomposable EWs are available in the literature [5, 8, 9] . In this paper we develop a way to construct indecomposable entanglement witnesses from any permutation π with π 2 =id.
Let π be a permutation of (1, 2, . . . , n). For a subset F of {1, 2, . . . , n}, if π(F ) = F , we say F is an invariant subset of π. Let F be an invariant subset of π. If G ⊆ F and G is invariant under π imply G = F , we say F is a minimal invariant subset of π. It is obvious that a minimal invariant subset is a loop of π and {1, 2, . . . , n} = ∪ k s=1 F s , where {F s } k s=1 is the set of all disjoint minimal invariant subsets of π. Denote by #F s the cardinal number of
. . , r} is called the length of π. In the case that l(π) = n, π is called cyclic. So every permutation π of (1, . . . , n) has a disjoint
. . , n} such that π s = π| Fs and π(i) = π s (i) whenever i ∈ F s . If dim H = n, by fixing an orthonormal basis, one may identify B(H) with M n (C), the n × n complex matrix algebra. For any non-identity permutation π of (1, 2, . . . , n), let Φ n,t,π :
where 0 ≤ t ≤ n, E ij s are the matrix units, that is, E ij is the matrix with (i, j)-entry 1 and other entries 0, and π is a non-identity permutation of (1, 2, · · · , n).
According to [20, Proposition 6 .2], Φ n,t,π is a NCP positive map if and only if 0 < t ≤ n l(π) . Hence W n,t,π = W Φn,t,π induced by Φ n,t,π is an EW if and only if 0 < t ≤ n l(π) . It is also shown that Φ n,1,π is a decomposable NCP positive map if π is a non-identity permutation of (1, 2, . . . , n) with π 2 =id [20, Proposition 7.2] . This result implies that W n,1,π is a decomposable EW if π 2 = id.
In this paper, we will first prove in Section 2 that the condition π 2 = id is in fact a necessary and sufficient condition for the decomposability of entanglement witnesses W n,t,π for any 0 < t ≤ n l(π) (Theorem 2.1). Thus, we obtain a new and large class of indecomposable entanglement witnesses W n,t,π constructed from any permutations π with π 2 = id. To check the indecomposability of W n,t,π where π 2 = id, we construct some new bound entangled states which can be detected by W n,t,π . Section 3 is devoted to comparing our EWs W n,t,π with other separability criteria and show that there are entangled states that can be detected by W n,t,π but can not be detected by PPT criterion, realignment criterion and an inequality criterion that even stronger than the realignment criterion. In Section 4, a short conclusion is given.
2. Necessary and sufficient condition for W n,t,π to be indecomposable
In this section we discuss the question: when W n,t,π is indecomposable? The following is our main result. Theorem 2.1. Let π be a non-identity permutation of (1, 2, . . . , n) with n ≥ 2, and 0 < t ≤ n l(π) . The entanglement witness W n,t,π is indecomposable if and only if π 2 = id. We need a simple lemma, which is a slight generalization of [18, Proposition 2.6].
Lemma 2.2. Let
If 0 ≤ t i ≤ n − 1 for each i = 1, 2, · · · , n and there exists at least one i 0 ∈ {1, 2, · · · , n} such
Take {|ψ + , |φ 1 , · · · , |φ n−1 } as another orthonormal basis of C n . We have
Note that, under the space decomposition
which is not positive semi-definite obviously. It follows that B (t 1 ,t 2 ··· ,tn) 0.
Proof of Theorem 2.1. To check the "only if" part, assume π 2 = id. Let F be the set of fixed points of π.
Since π 2 = id, the cardinal number of F c must be even. Thus we have
It is easily seen from the strictly diagonal dominance theorem (Ref. [13, Theorem 6.1.10] ) that B is semi-definite. So Q 1 = 0 is positive semi-definite. Hence W n,t,π = Q 1 + Q 2 is decomposable, completing the proof for the "only if" part.
Next we check the "if" part, that is, we need to show that π 2 = id implies that W n,t,π is
It is clear that π 2 = id if and only if l = l(π) ≥ 3. If l = n, then F 1 = {1, 2, · · · , n} and π is a cyclic permutation. By [18, 19] , we know that W n,t,π is indecomposable. Now assume 3 ≤ l < n. Without loss of generality, assume l = l 1 ≥ l 2 ≥ · · · ≥ l k and For such ρ, it can be checked that 
then (Φ n,t,π ⊗ I)(ρ) is not positive, and hence, the state ρ is entangled (the positive map criterion in [10, 11] ).
Note that ρ is PPT if and only if the following two conditions hold:
Moreover, we can choose q 0 , q sj andq so that Eqs.(2.1)-(2.3) hold simultaneously. For example, takeq = m s=1 ls(n−ls) n q 0 , and for i ∈ {1, 2, · · · , m}, if l i is even, take
if l i is odd, take
andq satisfy Eqs.(2.1)-(2.3). It follows that
ρ is PPT entangled which can be recognized by Φ n,t,π . Hence, Φ n,t,π is not decomposable, and consequently, W n,t,π is indecomposable.
This completes the proof of Theorem 2.1.
To illustrate the structure of the bounded entangled states constructed in the proof of Theorem 2.1 to show that W n,t,π is indecomposable whenever π 2 =id, we give two examples in cases n = 4 and n = 5.
be any orthonormal basis of C 4 . Let π be the permutation of (1, 2, 3, 4) defined by π(1) = 2, π(2) = 3, π(3) = 1 and π(4) = 4. Then π 2 =id and l = l(π) = 3. For such π, the state ρ in the proof of Theorem 2.1 is constructed as follows.
j=1 |4 4| ⊗ |j j|). Let ρ = q 0 ρ 0 + q 11 ρ 11 + q 12 ρ 12 +qρ, where q 0 , q 11 , q 12 ,q ≥ 0 and q 0 + q 11 + q 12 +q = 1.
For such ρ, it is easily checked that . Then ρ is PPT entangled which can be recognized by Φ 4,t,π . Hence, Φ 4,t,π is not decomposable, and consequently, W 4,t,π is indecomposable.
be any orthonormal basis of C 5 . Let π be the permutation of (1, 2, 3, 4, 5) defined by π(1) = 2, π(2) = 1, π(3) = 4, π(4) = 5 and π(5) = 3. Clearly, π 2 =id and l = l(π) = 3. For such π, we construct ρ as follows. , we get that ρ is PPT entangled which can be recognized by Φ 5,t,π . Hence, Φ 5,t,π is not decomposable, and consequently, W 5,t,π is indecomposable.
From Theorem 2.1, the following corollary is immediate.
Corollary 2.5. Let π be a permutation of (1, 2, . . . , n) with n ≥ 2 and π = id. Let Φ n,t,π : M n (C) → M n (C) be the positive map defined in Eq.(1.1) with 0 < t ≤ n l(π) . Then, Φ n,t,π is decomposable if and only if π 2 = id.
Comparison with some other entanglement criteria
The entanglement witnesses W n,t,π constructed in this paper can detect some entangled states that cannot be detected by PPT criterion, as demonstrated in Example 2.3 and Example 2.4. In this section, we will show by examples that such entanglement witnesses W n,t,π can also detect some entangled states that cannot be detected by the realignment criterion. 
By Theorem 2.1 and Example 2.3, we know that ρ x is entangled which can be recognized ). Now, let us apply the realignment criterion (Ref. [2, 7] ) to ρ x . By a computation, for all
where y ± = 8x 2 + 172x + 2129 ± (16x 2 + 172x + 1320)(172x + 520) + 300(8x + 92) 2 + (8x 2 + 400) 2 (Ref. Figure 1) . It follows that the entanglement in ρ x for x ∈ [0, 3 4 ) can be detected by W 4,t,π but cannot be distinguished by the realignment criterion.
In [6, 22] , the authors proved that, if ρ ∈ S(H A ⊗ H B ) is separable, then
where ρ A and ρ B are the reduced states with respect to subsystems A and B, respectively.
Thus, if ρ breaks the inequality (3.1), then ρ is entangled. Furthermore, the inequality (3.1)
provides a stronger criterion than the realignment criterion. Here, we will show by an example that our W n,t,π can also detect some entangled states that cannot be detected by the inequality (3.1). and thus 
Conclusion
By every non-identity permutation π of (1, 2, . . . , n) and 0 < t ≤ n l(π) , where l(π) is the length of π, we can construct an entanglement witness W n,t,π for n ⊗ n quantum system. W n,t,π is indecomposable if and only if π 2 = id. Thus a class of indecomposable entanglement witnesses is obtained. Applying such witnesses, some new entangled states, bounded entangled states (that is, PPT entangled states) are found. Several examples show that the entanglement witnesses constructed in this paper can detect entanglement in some states that cannot be detected by PPT criterion, the realignment criterion and an inequality criterion stronger than the realignment criterion.
